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We have investigated the antiferromagnetic insulating phase of the Mott-Hubbard insulator vanadium ses-
quioxide �V2O3� by resonant x-ray Bragg diffraction at the vanadium K edge. Combining the information
obtained from azimuthal angle scans, linear incoming polarization scans and by fitting collected data to the
scattering amplitude derived from the established chemical I2 /a and magnetic space groups we provide direct
experimental evidence of the ordering motif of vanadium magnetoelectric multipoles in V2O3. Experimental
data �azimuthal dependence and polarization analysis� collected at space-group forbidden Bragg reflections are
successfully accounted within our model in terms of vanadium magnetoelectric multipoles. We demonstrate
that resonant x-ray diffraction intensities in all space-group forbidden Bragg reflections of the kind �hkl�m with
odd h are produced by an E1−E2 event. The determined multipolar parameters offer a test for ab initio
calculations in this material, which can lead to a deeper and more quantitative understanding of the physical
properties of V2O3.
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I. INTRODUCTION

X-ray diffraction is an established experimental technique
by which to determine the electronic structure of materials.
Resonant enhancement of the scattering amplitude, achieved
by tuning the x-ray energy to an atomic resonance gives
additional information on charge, orbital, and spin degrees of
freedom not accessible to other experimental techniques.1,2

In the case of ions located in crystal positions that are not a
center of inversion symmetry, hybridization will occur be-
tween valence orbitals with different parity of that ion as a
result of angular anisotropy in the cation’s electron distribu-
tion from covalency and odd-order contributions in the elec-
trostatic potential. This enables the possibility of observing
electronic transitions to the hybridized states via the mixed
dipole-quadrupole �E1−E2� channel in resonant x-ray
scattering,1,3–6 which is sensitive to the ordering of parity-
breaking multipolar moments. For example, the ordering of
magnetoelectric anapolar moments might be observed. An
orbital anapole moment,7 constructed from the position op-
erator r and the orbital angular momentum L as �=r�L
−L�r, characterizes a system that does not transform into
itself under space inversion. These anapolar moments were
initially considered in the context of multipolar expansions
in nuclear physics8 and are related to a distribution of mag-
netic fields which is quite different from those produced by
parity-even multipoles. The magnetoelectric �parity odd and
time odd� dipole is equivalent to the nuclear anapole, which
has been investigated by atomic parity violation
experiments,9 while the magnetoelectric monopole is equiva-
lent to magnetic charge.10 The magnetic field distribution of
an anapole looks like the magnetic field created by a current
flowing in a toroidal winding, and the field is completely

confined inside the winding. In the same way as parity-even
contributions to resonant scattering can give information on
different parity-even multipolar moments,11–13 dipoles, qua-
drupoles, hexadecapoles, etc., parity-breaking E1−E2 contri-
butions to scattering can be expressed in terms of polar and
magnetoelectric tensors that contain the anapole operator.1

The study of these contributions to resonant x-ray diffraction
is of fundamental importance in current developments of the
electronic structure of materials with complex electronic
properties, such as magnetoelectricity, piezoelectricity, and
ferroelectricity that are of potential technological interest.14

The cross correlation between magnetism and ferroelectricity
in materials with coexistence of spontaneous magnetization
and polarization, termed multiferroics, has recently become a
subject of great scientific impact. Anapolar moments in mag-
netic ions at noncentrosymmetric sites can play an important
role in multiferroic properties. An anapole moment is inher-
ently magnetoelectric.8 In the classical picture described
above of a toroidal solenoid, in the presence of an external
magnetic field H, the energy of each spin carrier �electron�
depends on its location on the annular orbit, on which the
electrons are constrained so that the electron distribution will
no longer remain uniform and the external magnetic field
will induce an electric polarization P orthogonal to H.

Vanadium sesquioxide, V2O3, considered as a Mott-
Hubbard metal-insulator15 system, has been the object of in-
tense study from both theoretical16–19 and experimental20–23

points of view in the last decades. This compound has an
interesting phase diagram, with an antiferromagnetic insulat-
ing phase �AFI� at low temperatures, and a paramagnetic
metallic �PM� one above the Néel temperature �TN
�150 K�. The metal-insulator transition is accompanied by
a first-order structural phase transition in which the room-
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temperature corundum structure �R3̄c� is modified to mono-
clinic I2 /a. In 1978 Castellani, Natoli, and Ranniger16 pro-
posed a theoretical model to explain the magnetic structure
in the AFI phase from the ordering pattern of the occupation
of the t2g �degenerate� orbitals. This model was considered
valid until 1999, when resonant x-ray diffraction �Paolasini
et al.20�, and magnetic dichroism measurements �Park et
al.22� demonstrated that the spin of the Vanadium atoms was
SV=1, whereas the model of Castellani predicted SV=1 /2.

The magnetic structure is such that the I-centering cell
translation is time inverting. Because of the magnetic mo-
ments being collinear in the am−cm plane, normal magnetic
peaks are observed only at reflections �hkl�m with even h
even and odd �k+ l�. Yet, peaks have been measured at odd h,
even �h+ l�, at the resonant prepeak of the Vanadium K edge.
They were initially interpreted as produced by orbital �time
even� ordering.20,21 However, analyses carried out by Love-
sey et al.17 and Tanaka18 demonstrated that the resonant
Bragg diffraction intensities are produced by the ordering of
magnetic �time odd� V multipoles. There has been contro-
versy on the dominant resonant event producing the mea-
sured intensities, having been proposed a parity-even E2
−E2 event,17 a parity-odd E1−E2 event,18 or a combination
of them.19,24 In this work, using resonant x-ray diffraction we
obtain direct experimental evidence for the vanadium mag-
netoelectric dipole �anapole� and other magnetoelectric mul-
tipoles. A discussion of the selection rules that constrain ob-
servable multipoles in reflections �hkl�m with even h even
and odd �k+ l� and an orientation to the properties of parity-
breaking multipoles are provided in Appendixes A and B.

II. EXPERIMENTAL METHOD

Experiments were carried out on the ID20 beamline25 at
the ESRF. A single crystal of 2.8% Cr-doped �V1−xCrx�2O3
�x=0.028� was mounted on the four-circle diffractometer
with vertical scattering geometry. The sample was cooled in
a displex cryostat down to 100 K, and a single monoclinic
domain was obtained in the beam illuminated area. In addi-
tion to standard energy profiles and azimuthal scans of
space-group forbidden reflections, measurements based on
linear polarization analysis of the scattering beam while
varying the direction of the linear polarization of the in-
coming one, at fixed sample azimuth, were performed. By
means of a phase-plate setup26 we can obtain the Stokes
parameters for the secondary beam as a function of both
incident and scattered linear polarization angle, without
moving the crystal. This method can elucidate the presence
of resonances that are very close in energy, playing on their
relative phase shifts. To vary the incoming linear polariza-
tion, a diamond �111� phase plate of thickness 300 �m
was inserted into the incident beam. The phase plate was
operated in half-wave plate mode to rotate the incident po-
larization into an arbitrary plane �see Refs. 27 and 28 and
Appendix C� described by Stokes parameters P1=cos�2��
and P2=sin�2��, being � the angle between the incident
beam electric field and the axis perpendicular to the
scattering plane, i.e., �=0 corresponds to polarization per-
pendicular to the scattering plane �� polarization�. The

Poincaré-Stokes parameters are defined by P1= ������2�
− �����2�� / P0 , P2=2 Re����

����� / P0 , P3=2 Im����
����� / P0,

with P0= �����2�+ �����2� the total intensity, and where �� and
�� are the components of the beam polarization vector per-
pendicular and parallel to the scattering plane, respectively.

III. RESULTS

We present measurements at space-group forbidden Bragg
reflections �h0l�m with odd h in the low temperature mono-
clinic phase of V2O3. Figure 1 shows the energy profiles for

the �302̄�m and �102̄�m reflections. They contain a single
resonant peak centered around 5.465 keV, as it is expected
for reflections �hkl�m with odd h, in which the resonant peak
from 5.47 to 5.49 keV, ascribed to an E1−E1 event is
forbidden.17,20,29 Energy profiles in Fig. 1 show the presence
of a shoulder at E=5.4665 keV for both reflections, which
opens the possibility for the existence of two Lorentzians
separated by approximately 2 eV contributing to the ob-
served intensity. This energy separation can be related to
crystalline electric field energy transfer. The value of 10Dq
was estimated as 2.1 eV from RIXS measurements.23 In or-
der to elucidate the possibility of interference of different
Lorentzians we have performed polarization analysis mea-
surements of the dependence of the Stokes parameters of the
secondary beam as a function of the angle of primary linear
polarization � �Fig. 2�. Right panels of Fig. 2 show experi-
mental Stokes parameters collected at different energies in

�102̄�m reflection. The fact that the shapes of the Stokes pa-
rameters curves remain unchanged indicates that all contri-
butions to resonant x-ray diffraction have the same tensorial
form. Furthermore the presence of multiple Lorentzians at

FIG. 1. Measured energy profiles of the �302̄�m reflection at the

azimuthal angles of �=2 and �=−138 degrees and �102̄�m reflec-
tion at �=−31.1 degrees. The origin of the azimuthal angles corre-
sponds to �010�m reciprocal lattice vector in the plane of scattering.
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different energies with different tensorial properties would be
revealed by the appearance of a circular component in polar-
ization measurements. Since only the linear polarization is
measured, the circular component P3� �writing Pi and Pi� for
incident and diffracted, respectively� can be estimated only
as the complement, P3�

2=1− P1�
2− P2�

2. But it is then confused
with a depolarization, which comes from the imperfect pro-
cess at the phase plate. This depolarization �see Appendix C�
can be accounted by modifying the Stokes parameters of the
input polarization. The data actually show some P3�. In order
to check whether this comes from a real circular polarization
or from depolarization, they were fitted with a depolarization
d parameter and a real Jones matrix �producing no circular
component� written in terms of the unit-cell structure factors
for the different polarizations F�−��, F�−��, F�−��, and F�−��
�formulas for the outgoing Stokes parameters can be seen in
Ref. 30�. The result is that the occurrence of P3� is entirely
explained from the depolarization, with a value of d, which
is consistent with that independently evaluated �see Appen-

dix C�. Only one measurement on �302̄�m shows some dis-

crepancy in d. From the fitting to the �302̄�m data we obtain
the following parameters,

d = 0.081 	 0.006,

F�−��/F�−�� = 0.8 	 0.3,

F�−��/F�−�� = 0.64 	 0.02,

F�−��/F�−�� = − 3.01 	 0.05, �1�

and from the fitting to the �102̄�m polarization data we obtain,

d = 0.181 	 0.007,

F�−��/F�−�� = 0.099 	 0.005,

F�−��/F�−�� = 1.20 	 0.01,

F�−��/F�−�� = 0.770 	 0.005. �2�

The difference in the values of the depolarization d for

�302̄�m and �102̄�m reflections does not affect significatively
the determined Jones matrix elements. The good agreement
obtained in the fittings for both reflections with experimental
data for a model, in which we take into account the depolar-
ization introduced by the phase plate, together with the fact
that there is no significative dependence of the shape of
Stokes parameters curves when the energy of the x-rays is

changed in the measurements of �102̄�m reflection leads us to
conclude that there is no evidence of the appearance of cir-
cular polarization being the measured intensities in both re-
flections produced by single oscillators sharing the same ten-
sorial character. All of this supports the validity of fitting the
data with a single oscillator model.19 In this aspect, the
model that will be used to describe experimental data differs
to the case of K2CrO4, where there is a strong evidence of
the appearance of circular polarization26,30 and the intensities
were consequently modeled in terms of Lorentzians centered
at different energies for the multiple resonant events.

In Fig. 3, we show the azimuthal dependence of �302̄�m

and �102̄�m reflections measured at T=100 K in the AFI
phase. In order to eliminate the effect of the absorption in the
azimuthal curves, data have been corrected according to the
formula

Icorr = Iobs�1 + sin 
0/sin 
1� ,

where 
0 and 
1 are the incident and reflected angles of the
beam with the sample. The measured azimuthal dependence

of �302̄�m shows a satisfactory agreement with previously
published data,19 as shown the two left panels of Fig. 3.

FIG. 2. Linear incident polarization dependence of the Stokes parameters P1� and P2� of the secondary beam in the reflections

�302̄�m��=−39.0 degrees� collected at T=100 K with an incident energy of the x-rays E=5.4660 keV and for the reflection �102̄�m at �
=−31.1 degrees and T=150 K and at three different energies E=5.4655, 5.4660, and 5.4665 keV. Dashed line corresponds to the fitting of
the data to a general Jones matrix produced by a single oscillator including the effect of the phase plate depolarization. Continuous line
corresponds to the fitting of polarization data together with azimuthal scans using the parameters presented in Eq. �3�. In the origin of the
azimuthal angle the �010�m reciprocal lattice vector is in the plane of scattering.
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IV. DISCUSSION

The azimuthal dependence and polarization data collected

for �102̄�m reflection present a good agreement with the ex-
pression for the parity-breaking event resonant x-ray scatter-
ing F�E1−E2� in terms of magnetoelectric tensors �see Ap-
pendix A� presented in Ref. 19, being possible to fit together
polarization scans curves and azimuthal data. The azimuthal

and polarization data for the �302̄�m reflection can also be
fitted to the E1−E2 structure factor expressions together

with �102̄�m data in terms of the same set of parameters,

which permits us to conclude that intensities in both �302̄�m

and �102̄�m are produced by an E1−E2 event. The result of
the fitting is shown in Figs. 2 and 3. Some discrepancy still
exists between experimental data and the fitted intensities,
due to many causes: the possibility of variation of the dif-
fraction volume when the sample is rotated, the beam hitting
partly other domains of the sample, difficulty in estimating
precisely the normal to the surface of the crystal for calcu-
lating the absorption correction, etc. The determined param-
eters from fitting �F�E1−E2��2 to the experimental data are,

Im�G1
1�/Im�G3

3� = 0.263 	 0.013,

�G0
1�/Im�G3

3� = 3.48 	 0.06,

Im�G2
2�/Im�G3

3� = − 8.38 	 0.02,

Re�G1
2�/Im�G3

3� = 3.908 	 0.013,

Re�G2
3�/Im�G3

3� = − 0.205 	 0.007,

Im�G1
3�/Im�G3

3� = − 3.410 	 0.015,

�G0
3�/Im�G3

3� = − 4.33 	 0.03. �3�

Values for Im�G1
1� and �G0

1� are direct estimates of the orbital

anapolar moment ���, Im�G3
3�, Re�G2

3�, Im�G1
3� and �G0

3� are
estimates of the moment ��L � �L � ��2�3�, where L is the
operator for orbital angular momentum, and Im�G2

2� and
Re�G1

2� are estimates of the moment ��L � n�2�, where n
=r /r is the polar unit vector collinear with the electric dipole
moment, and which is even with respect to time-reversal
symmetry. Operators � and �L � �L � ��2�3 are true spheri-
cal tensors �they are tensors with odd rank that are space-
inversion odd� while �L � n�2 is a pseudospherical tensor �a
tensor with even rank that is space-inversion odd�. Addi-
tional information about parity-odd tensors may be found in
Refs. 1, 7, 8, 10, and 31. The presence of a parity-even
contribution F�E2−E2� to resonant x-ray scattering in this
kind of reflections has been suggested17,19,24 and within mea-
sured reflections its strongest contribution would appear in
the reflection �302̄�m as F�E2−E2� is weighted by a global
multiplicative factor sin �, with �=hx+ky+ lz, being x, y,
and z crystallographic parameters and the h, k, and l the
Miller indices of the reflection.19 However, our fitting de-
scribes data in �302̄�m with great precision, which makes us
conclude that parity-even E2−E2 contribution is absent to a
good degree of approximation. It has not been possible to fit

�302̄�m and �102̄�m data together with azimuthal data for re-

flections �111�m and �31̄1�m given in Refs. 20 and 21. A
possible justification are additional contributions present in
reflections �hkl�m with k�0, which were neglected in previ-
ous analysis due to the approximation �=4�yk�0, being y
=0.0008 a crystallographic parameter �see Refs. 17 and 19�.
However, although those contributions be proportional to
sin �, among them it is the main component of the vanadium
orbital angular momentum �L0

1��
��� with the local axis �
along the angular momentum direction, which would be of
bigger order of magnitude than the tensors observed in
�h0l�m reflections.

Multipoles are defined with respect to quantization axes
for our chosen reference site, with the x axis parallel to bm,
and y and z contained in the am−cm monoclinic plane with z

FIG. 3. Azimuthal angle scans measured on the reflections �302̄�m and �102̄�m at T=100 K with energy E=5.4665 keV. In the case of

�302̄�m we show the agreement of new data with previously published data �Ref. 19�. The continuous line correspond to the fitting to the
expressions for the F�E1−E2� scattering length presented in Ref. 19 with the tensorial parameters shown in Eq. �3�. At the origin of the
azimuthal angle �010�m reciprocal lattice vector is in the plane of scattering. Both polarization channels �−�� and �−�� are shown.
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parallel to am−cm and y parallel to am+2cm. From the fitted
parameters, we can determine the direction of the projection
in the am−cm monoclinic plane of the anapolar moments of
the Vanadium ions, which from the quotient between Im�G1

1�
and �G0

1� is estimated as forming 4 degrees with the �101̄�m
reciprocal lattice vector. In Fig. 4, we show the projection in
the am−cm plane of the anapolar moments of the eight vana-
dium ions in the monoclinic unit cell, together with the ar-
rangement of magnetic moments32 established below TN.

The observation of the magnetoelectric tensors �GK� im-
plies a substantial parity-mixing between d and p vanadium
orbitals, which results from angular anisotropy in the cation’s
electron distribution from covalency and odd-order contribu-
tions in the electrostatic potential. As the local environment
of the vanadium ions is not spherically symmetric, angular
momentum is not a good quantum number and the ground
state is a mixture of various angular momenta. These opera-
tors describe the mixing between parity-even and parity-odd
orbitals in the ground state. In Appendix B, we have calcu-
lated the mean values of these operators for a simple model.

V. CONCLUSIONS

We have shown that it is possible to detect by means of
resonant x-ray scattering �RXS� the magnetic anapolar mo-
ments and higher order time-reversal and parity-odd multi-
poles. Resonant x-ray diffraction can give unique access to
the local orbital anapole at the resonant site, and can be used

to unravel parity-odd properties in solids. The determined
values of the magnetoelectric tensors are highly sensitive
probes of the cation’s electronic state, which cannot be ob-
tained by other experimental methods. These effects are
unique probes of the electronic structure. Our results demon-
strate that resonant x-ray diffraction at the V K edge for
space-group forbidden Bragg reflections of the kind �h0l�m
with odd h is produced by a parity-breaking E1−E2 event,
being the contribution from parity-even transitions absent to
a very good degree of approximation. Polarization analysis

measurements at the �302̄�m and �102̄�m reflections probe the
fact that the intensities measured are coming with a good
degree of approximation from single Lorentzians. Experi-
mental data �azimuthal variation and polarization analysis�
collected at different space-group forbidden Bragg reflec-
tions are successfully accounted within our model in terms of
expectation values for the V magnetoelectric multipoles
�GK�; these are atomic multipolar moments that are time odd
and parity odd for all values of the rank K. The derived
parameters include direct estimates of expectation values of
the vanadium anapolar moment and other magneto electric
moments.19 These results solve the controversy on the origin
of the resonant x-ray diffraction intensities in V2O3.17–19,24

The derived parameters offer a test for ab initio calculations
of the electronic structure of vanadium sesquioxide that can
lead to a deeper and more quantitative understanding of its
electronic properties.
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APPENDIX A: UNIT CELL STRUCTURE FACTORS FOR
PARITY-EVEN AND PARITY-ODD MULTIPOLES

IN V22O3

Intensity observed at space-group forbidden reflections is
taken to be directly proportional to �F�2 where F is the cal-
culated unit-cell structure factor. The generic form of the
unit-cell structure factor F for a given resonant event is,1

F = 	
K

XK · �K�h,k,l� . �A1�

Here, K is the rank of a spherical tensor. Values of K that
appear in the sum are determined by the order, or rank, of the
resonant processes; from the triangle rule it follows that, K
=1, 2, and 3 for E1−E2 and K=0, 1, 2, 3, and 4 for E2
−E2. One sees in Eq. �A1� that F is the sum of scalar prod-
ucts XK ·�K�h ,k , l�, in which XK describes properties of the
primary and secondary x-rays and �K�h ,k , l� is a structure
factor which represents the electron degrees of freedom that
contribute to Bragg diffraction at the reflection �h ,k , l�m.

Representation of the electron degrees of freedom is
achieved with an expectation value, denoted here by angular

FIG. 4. �Color online� Positions of the Vanadium ions in the
monoclinic unit cell adopted by V2O3 below the Neel temperature,
together with the configuration of the magnetic moments �Ref. 32�
�small red arrows� and the determined projection of their anapolar
moments �large black arrows� in the am−cm plane. The basis vector
bm is normal to the plane of the diagram.
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brackets, � �, of appropriate atomic spherical-tensor opera-
tors, with rank K, that are often called multipoles. We denote
parity-even tensors for E2−E2 events by TK, and the corre-
sponding structure factor is,

�K,T�h,k,l� = 	
d

�TK�dexp id · �m. �A2�

In this expression, d is the position in the unit cell of a
resonant vanadium ion and �m=�m�hkl� is the Bragg wave
vector. Elements of symmetry in the space and magnetic
groups relate multipoles, �TK�d, at different sites in the unit
cell. Full details of the evaluation of Eq. �A2� and F�E2
−E2� can be found in Refs. 17 and 19. For parity-even ten-
sors, the structure factor is:

�Q
K,T = 2�1 + �− 1�h+k+l+K�
cos ��TQ

K� + �− 1�hcos�� − ���T−Q
K ��

�A3�

where � and � are �=2��x ,y ,z�m�m�hkl�=2��xh+ky+zl�
and �=4�yk. The factor �1+ �−1�h+k+l+K� establishes a selec-
tion rule on the rank K of observable tensors in space group
forbidden reflections �those with h+k+ l=odd�.

Turning to E1−E2 resonant events, two tensor operators
represent electron degrees of freedom in the parity-odd chan-
nel of scattering, namely, time even and time-odd tensors
that we denote by UK �polar� and GK �magnetoelectric�, re-
spectively. The projection Q of a tensor satisfies −K�Q
�K. All values of Q are allowed in the AFI phase because V
sites in the monoclinic cell contain no axes of rotation sym-
metry. Starting from Eq. �A2� and replacing TK by either UK

or GK, we obtain for �Q
K,U and �Q

K,G,

�Q
K,U = 2i�1 + �− 1�h+k+l�
sin ��UQ

K� + �− 1�K+hsin�� − ��

��U−Q
K �� ,

�Q
K,G = 2i�− 1 + �− 1�h+k+l�
sin ��GQ

K� + �− 1�K+hsin�� − ��

��G−Q
K �� . �A4�

In space group forbidden reflections with h+k+ l=odd time-
even tensors UQ

K are not observable because of the prefactor
�1+ �−1�h+k+l�. UQ

K are observable in Templeton reflections
�h ,0 ,−h�m with h=odd. At space-group forbidden reflections
of interest here, the polar structure factor is zero on account
of �1+ �−1�h+k+l�=0 with odd h+k+ l. Thus, in this set of
space-group forbidden reflections, scattering at space-group
forbidden reflections is due to time-odd multipoles. F�E1
−E2� is derived from �Q

K,G. Corresponding unit-cell structure
factors in the rotated ����� and the unrotated ����� polar-
ization channels can be found in ref. 19.

APPENDIX B: PARITY-BREAKING MULTIPOLES

Contributions to resonant x-ray diffraction enhanced by
the E1−E2 event are explored with a model wave function
for the equilibrium, ground state of a resonant ion. The wave
function chosen is an admixture of p-like and d-like single-
particle, atomic states. Mixing parameters may originate
from several sources including odd-order contributions to the

crystal electric field and covalency. There are two d states,
with angular symmetry yz plus z2. For a p-state we choose
�l� ,0� with angular momentum l�=1, which has z-like angu-
lar symmetry and no orbital angular momentum because the
projection m�=0. Mixture of the states �l ,m� and �l� ,0� with
l=2 and l�=1 in the wave function allow parity-odd multi-
poles to be different from zero. Electron spin is saturated
with a wave function �s=1 /2, ms=1 /2�. The complete wave
function for the resonant ion is a product state,

��� = �1/2
�l,0� + ib��l,+ 1� + �l,− 1��/�2 + f �l�,0���s

= 1/2, ms = 1/2� , �B1�

with the normalization � determined by ��1+b2+ �f �2�=1. In
Eq. �B1�, the parameter f is allowed to be a complex number,
f = f�+ if�, and it measures mixing of two states with opposite
parity.

To learn more about the model wave function we consider
expectation values of different operators. The parameter b in
Eq. �B1� is chosen to be purely real and consequently expec-
tation values of the orbital angular momentum are zero, i.e.,
�L��=0 for �=x ,y ,z. Thus components of the magnetic mo-
ment, �= �L+2S�, are ����=0 for �=x ,y, and ��z�= ��0�
=1.

Next, consider expectation values of parity-odd operators
allowed by the mixing parameter f . Components of the ana-
pole formed with � and r possessed by the state �Eq. �B1��
are,

��x� =
− 4�bf�

�5
,

��y� =
− 8�bf�

�5
,

��z� = ��0� =
− 16�f�

�15
. �B2�

Finally, consider diagonal components �Q=0� of magneto-
electric multipoles that arise in E1−E2 structure factors, for
rank 1 and 3. We give results for absorption at a K edge. One
finds,

�G0
1� =

− �f�

3�5
,

�G0
3� = ��/3�f�� 7

15
, �B3�

Like ��0� in Eq. �B2� these multipoles are proportional to
the imaginary part of the mixing parameter, f�. Notably, �G0

1�
and �G0

3� have similar magnitude.

APPENDIX C: ROTATION OF THE LINEAR
POLARIZATION BY A PHASE PLATE, AND

DEPOLARIZATION EFFECT

An x-ray phase plate is a crystal near a position of Bragg
scattering for a reciprocal lattice point K. Given a reference

FERNÁNDEZ-RODRÍGUEZ et al. PHYSICAL REVIEW B 81, 085107 �2010�

085107-6



frame �x ,y� in a plane normal to the beam, the plane of
scattering makes an angle � with x. In that plane, K is at an
angular offset �� from the exact Bragg position. Because of
this near Bragg condition, the transmitted radiation under-
goes an outphase ��1 /�� of its field normal to the plane of
scattering with respect to the in plane. With Stokes param-
eters defined in the �x ,y� frame, and the incident beam to-
tally polarized along x�P1=1�, these parameters are, after the
plate,

P1 = cos2�

2
+ sin2�

2
cos 4� ,

P2 = sin2�

2
sin 4� ,

P3 = sin � sin 2� .

By controlling � and ��, and then �, any polarization state
can be obtained. For a rotated linear polarization, � is fixed
to �, the half-wave shift. Then the transmitted linear polar-
ization is at an angle �=2� with the axis X, since P2 / P1
=tan 4�. In reality the transmitted radiation is not fully po-
larized because of angular aperture and spectral width of the

incident beam, which results into a spread in different rays of
out phase �+��. We define as a depolarization parameter
d= �����2� /2. By an expansion of the above formulas we
have, to the lowest order in �� �given ����=0�,

P1 = cos 2� + d sin2 � ,

P2 = sin 2� −
d

2
sin 2� .

The total linear polarization Pl, defined by Pl
2= P1

2+ P2
2 is

degraded as Pl=1−d sin2 �. Also it is observed that, P2 / P1
being different from tan 2�, the angle � of that polarization
is shifted by −�d /4�sin 2�. Indeed, an expansion to first or-
der in d yields,

P2

P1
= tan 2
� −

d sin 2�

4
� .

The depolarization parameter d can be measured in the
beam, provided that the sample is removed. It can also be
estimated less accurately in line, from the indications of two
intensity monitors, before and after the phase plate. In the
present experiments, these estimates range between 0.12 and
0.18.
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